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Let K be a field, A an K-algebra, and R = K[X, ,..., X,] the polynomial 
ring over K in noncommuting variables XI ,..., X, . A polynomial identity 
for A is a polynomial F(X, ,..., X,) E R such that F(a, ,..., a,) = 0 for any 
a, ,..., a, E A; a central polynomial for A is a polynomial F in R such that 
F(a, ,..., a,) E center A for any a, ,..., a, E A; a central polynomial is non- 
vanishing if it is not a polynomial identity. 
The existence of nonvanishing central polynomials for matrix rings over a 
field was one of the problems given by Kaplansky in [I]. Central polynomials 
for matrix rings over finite fields were given in [2]; for infinite fields only the 
central polynomial (XY - YX)2 for 2 x 2 matrices was hitherto known. We 
will construct a family of central polynomials, one for each 71, which, like the 
polynomial (XY - YX)2, are “universal” central polynomials in that they 
have integer coefficients and are nonvanishing on M,(A) if A is a commutative 
ring with unit. 
THEOREM. I f  K is a $eld, Mn(K) has a nonvanishing central polynomial. 
Proof. Let x1 ,..., x,+~ be commuting variables, and X, YI ,..., Y, non- 
commuting variables. The function 
associates a polynomial in K[X, YI ,..., Y,] to each polynomial in 
K[x, ,..., x,+J. Let G(X, YI ,..., Y,) be the polynomial corresponding to 
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The desired central polynomial is 
F(X, I’, ,..., Y,) =L G(X, Yl ,..., YJ f  G(X, Y, ,..., I’, , Yl) 
t ... f  G(S, I;,, , I’, ,..., Yn-,). 
To verify that F is a central polynomial, we first evaluate F(X, Y, ,..., L’,,) 
in case X = (ai& is diagonal and Y, = eiljl ,... , I’, = ejni. are matrix units. 
Since 
&il >..-, xin , N,,) = 0 unless (ii ,..., i,) is a permutation of (l,..., rz) and 
i, = j, . Note that in this case 
this discriminant of ‘1;r ,..., .v-^,~ . Clearly e,rjl ... eifijn = 0 unless ii -:: ia, 
i2 =-= is ,...,j+i 7 i,, . I f  we call eilil ,..., ei,;, a “cycle” of matrix units pro- 
vided that (i1 ,..., ;,) is a permutation of (l,..., n) and ii : i2 , & em= ia ,..., 
j,-t = z, , I,, -7 zr , it follows that 
G(X, eilj, ,..., ei,,J =-: neili 
.~~ -~ 0 
if the matrix units are a cycle 
if they are not a cycle. 
.*. F(X, eflj, ,..., e,,,?,,) = D ’ I if the matrix units are a cycle 
I= 0 if they are not a cycle. 
The above shows that F(S, I’, ,..., Y’,,) lies in the center whenever ,V is 
diagonal and Yr ,..., Y,, are matrix units. Since F is linear in Yi ,..., I’,, and 
the matrix units span MJK) we can remove any restriction on the Y’s. Since 
the center of M,(K) is fixed by conjugation we only need to assume that S 
is diagonalizable. This final restriction on -Y can be removed by making 
the entries of X independent commuting indeterminates, since such a 
“generic” matrix has distinct characteristic values. 
To verify thatF(X, Yi ,..., I/,,) is nonvanishing, recall that F(X, Yl , . . ., IT,,) 
is linear in Y, ,..., I;,,,; hence if X is a fixed matrix in ,WJK) and 
F(X, Yl ,..-, Y%) = 0 for all Y, ,..., I’,, E M,,(K), then F(X, IT, ,..., Yn) .-: 0 
for all Yi ,..., Y, E Mn(K), where K is any extension field of K. But if X has 
distinct characteristic values and K is a field over which X is diagonalizable 
the construction of F shows that F(S, Y, ,..., Y,) f  0 for some 
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Y 1 ,*-., Y, E M,(K). Therefore we need only show that M,(K) contains a 
matrix with distinct characteristic values; in characteristic zero this is obvious 
and in characteristic p we can take the companion matrix of the minimal 
polynomial of a generator of GF(p”) over GF(p). 
Remarks and examples 
(1) The problem posed by Kaplansky actually asked for a central poly- 
nomial homogeneous and linear in its variables. Such a polynomial can be 
obtained by linearizing F, = F,(X, Yi ,..., Y,). Standard arguments show 
that the linearization is still a central polynomial. It is also easy to see that 
the linearization is non-vanishing in characteristic zero or characteristic p 
for p > n2 - n. For characteristic p, p < n2 - n, I do not know if the 
linearization remains nonvanishing but I suspect that it does (this is true 
for n = 2). 
(2) The situation is similar with regard to the two-variable central 
polynomial 
f&(X, Y) = G,(X, Y ,..., Y). 
H,(X, Y) is a central polynomial for M,(K) and it is nonvanishing if K has at 
least n elements. (There is no evidence that it does vanish if K has less than 
n elements.) Moreover, because M,(K) is generated as a K-algebra by two 
elements, there must be some two-variable central polynomial which does not 
vanish on M,(K). 
(3) F&F Yl ,..., Y,) is a central polynomial for M&l), where A is any 
commutative ring. Moreover, it is nonvanishing if A has a unit. 
(4) Let f(X) E K[X]. Then 
F?L(X,f(X) . Yl ,‘*a, f(X) . Y,) = detf(X) *F,(X, Yi ,..., Y,). 
This is verified by showing that it is true when X is diagonal. 
(5) (Procesi.) Every semisimple ring which satisfies a polynomial 
identity has a nonzero center. 
(6) For n = 2, the polynomial in commuting variables which occurs in 
the proof is 
(x1 - x2) (x2 - X‘J = -(x1x2 - x1x2 - x22 + x,x,). 
:. G(X, Yl, Y2) = -(XY,XY, - XY,Y,X - YlX2Y2 + YlXY2X) 
.‘. H,(X, Y) = G(X, Y, Y) = -(XY - YX)2, the long-known 
central polynomial. 
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(7) For n = 3, the polynomial in commuting variables is 
6% - x2> (XI - x3) 6% - 4 (x* - x3) (x2 - x3j2 
== x12x22x42 - 2x,2x2x,x42 + . . 
:. G(X, YI , Y2, Y.J -:: X2YIX2Y2Y3X2 - 2X2Y,XY2XY,X2 + ... . 
(8) Let 
[X, Y] = XY - YX, [X y, -q = [X, [Y Zll, 
A = K [X, VI, 
B = LX, x, IX, x, VI, c = [X, x, x, [X, x, x, Y]2]. 
F(X, Y) = ABC + BCA + CAB + B3 
is a central polynomial for 3 x 3 matrices which is nonvanishing for charac- 
teristic ~f2. This is again verified by the device of taking X to be diagonal. 
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